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Abstract
We prove that if τ is a strongly continuous representation of a compact group G on a Banach space X,
then the weakly closed Banach algebra generated by the Fourier transforms
∫
G τ(t) dμ(t) with μ ∈ M(G)
is a semisimple Banach algebra.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
Sinclair proved in [6] that the weakly closed Banach algebra generated by a single hermitian
operator with countable spectrum on a Banach space is semisimple. An analogue result for a
single isometric operator with countable spectrum was obtained by Feldman [1]. Muraz and Vu˜
[5] generalized both results by considering a strongly continuous representation τ of a locally
compact abelian group G on a Banach space X, and established the semisimplicity of the Banach
algebra generated by the Fourier transforms
∫
G
f (t)τ (t) dt , with f ∈ L1(G), in the case when
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denseness in X∗ of the eigenvectors of the dual representation of τ .
The purpose of this paper is to obtain the analogue of the previously mentioned results for a
non-abelian group. We restrict our attention to compact groups so that a notion of spectrum for
the representation is not required at all. We prove that if τ is a strongly continuous representation
of a compact group G on a Banach space X, then the closure in L(X), with respect to the
weak operator topology, of the algebra generated by the Fourier transforms
∫
G
τ(t) dμ(t), with
μ ∈ M(G), is a semisimple Banach algebra. Our approach is inspired in the pattern established
in [4] and the auxiliary representations introduced in [7, Section 2.4].
2. Preliminaries
From now on, G denotes a compact group. Let M(G) denote the Banach space of all bounded
complex-valued regular Borel measures on G. Recall that M(G) is a Banach ∗-algebra with the
product given by convolution  and involution given by μ∗(E) = μ(E−1) for all μ ∈ M(G) and
E ⊂ G measurable.
Let L(X) denote the Banach algebra of all continuous linear operators on a given non-zero
complex Banach space X and let X∗ denote the topological dual space of X. From now on, τ is
a strongly continuous representation of G on a Banach space X. This is a group homomorphism
τ :G → L(X) from G into the group of all invertible elements of L(X) which is continuous with
respect to the given topology on G and the strong operator topology on L(X). A key fact we shall
use throughout the paper is that τ is integrable. This is a consequence of the following standard
result from the integration theory of vector-valued functions (see [7, Lemma 2.1]).
Lemma 1. Let X be a Banach space and let f :G → X be a strongly continuous function.
Then, for every μ ∈ M(G), f is μ-integrable in the sense that there exists exactly one element∫
G
f (t) dμ(t) ∈ X with the property that
ξ
(∫
G
f (t) dμ(t)
)
=
∫
G
ξ
(
f (t)
)
dμ(t)
for each ξ ∈ X∗.
The preceding result allows us to define a mapping τ˜ :M(G) → L(X) by
τ˜ (μ)x =
∫
G
τ(t)x dμ(t)
for all μ ∈ M(G) and x ∈ X, which is easily seen to be a continuous unital algebra homomor-
phism. We also associate to the representation τ the Banach algebra A(τ ) defined as the closure
in L(X), with respect to the weak operator topology, of the subalgebra of L(X) generated by the
operators τ˜ (μ) with μ ∈ M(G).
In the representation theory of locally compact groups, the unitary representations play the
predominant rôle. As usual, a unitary representation of G is a strongly continuous representation
π of G on some Hilbert space Hπ such that π(G) consists of unitary operators. Also, π is said to
be irreducible if {0} and Hπ are the only closed subspaces of Hπ that are invariant under π(G).
Since G is compact, it is well known that every irreducible unitary representation of G is finite-
dimensional (see [2, Theorem 22.13], for example). Furthermore, for such a representation π˜
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L(Hπ).
3. (Non-abelian) eigenvectors of the representation
Until further notice we assume that π is a finite-dimensional unitary representation of G with
representation space Hπ . Let Hπ ⊗ˆX denote the projective tensor product of Hπ and X. It should
be noted that the underlying space of Hπ ⊗ˆX is nothing but the algebraic tensor product Hπ ⊗X,
which can be identified with the space Xn, where n = dimHπ . We define a representation π ⊗ τ
of G on Hπ ⊗ˆ X in the obvious way (π ⊗ τ)(t) = π(t) ⊗ τ(t) for each t ∈ G. It is clear that
π ⊗ τ is strongly continuous. According to Lemma 1 we can define a continuous linear operator
Eπ :Hπ ⊗ˆ X → Hπ ⊗ˆ X by
Eπζ =
∫
G
(
π(t) ⊗ τ(t))ζ dt
for each ζ ∈ Hπ ⊗ˆ X.
Lemma 2. If μ ∈ M(G), then (IHπ ⊗ τ˜ (μ))Eπ = (π˜(μ∗) ⊗ IX)Eπ .
Proof. For every ζ ∈ Hπ ⊗ˆ X, we have
(
IHπ ⊗ τ˜ (μ)
)
(Eπζ ) =
(
IHπ ⊗ τ˜ (μ)
)(∫
G
(
π(s) ⊗ τ(s))ζ ds
)
=
∫
G
(
IHπ ⊗ τ˜ (μ)
)((
π(s) ⊗ τ(s))ζ )ds
=
∫
G
∫
G
(
IHπ ⊗ τ(t)
)((
π(s) ⊗ τ(s))ζ )dμ(t) ds
=
∫
G
∫
G
(
π(s) ⊗ τ(ts))ζ ds dμ(t)
=
∫
G
∫
G
(
π
(
t−1
)⊗ IX)((π(ts) ⊗ τ(ts))ζ )ds dμ(t)
=
∫
G
(
π
(
t−1
)⊗ IX)
(∫
G
(
π(s) ⊗ τ(s))ζ ds
)
dμ(t)
=
∫
G
(
π(t) ⊗ IX
)(
Eπζ
)
dμ∗(t)
= (π˜(μ∗) ⊗ IX)(Eπζ ). 
Remark 1. It is worth pointing out that the vectors Eπζ , with ζ ∈ Hπ ⊗ˆ X, can be thought of as
the non-abelian version of the eigenvectors considered in [4]. Indeed, according to Lemma 2, we
have (
IHπ ⊗ τ(t)
)
Eπ =
(
π
(
t−1
)⊗ IX)Eπ (1)
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In the case when G is abelian, it is well known that the irreducible unitary representations cor-
respond to the characters of G and, for a character γ , we can use natural identifications in
order to consider Eγ as an operator from X into itself for which identity (1) now becomes
τ(t)Eγ = γ (t−1)Eγ for each t ∈ G.
Lemma 3. Let T ∈A(τ ). Then there exists A ∈ L(Hπ) such that
(IHπ ⊗ T )Eπ = (A ⊗ IX)Eπ .
Furthermore, if μ,ν ∈ M(G), then
(
IHπ ⊗
(
τ˜ (μ)T τ˜ (ν)
))
Eπ =
((
π˜(ν∗)Aπ˜(μ∗)
)⊗ IX)Eπ.
Proof. Of course, we are reduced to consider the case when Eπ = 0.
Let (μi)i∈I be a net in M(G) such that limi∈I τ˜ (μi) = T with respect to the weak operator
topology and let μ,ν ∈ M(G). We claim that
(
IHπ ⊗
(
τ˜ (μ)T τ˜ (ν)
))
Eπ = lim
i∈I
(
π˜ (ν∗)π˜(μi∗)π˜(μ∗) ⊗ IX
)
Eπ (2)
with respect to the weak operator topology on L(Hπ ⊗ˆ X). Indeed, from Lemma 2, it follows
that
(
IHπ ⊗
(
τ˜ (μ)T τ˜ (ν)
))
Eπ = lim
i∈I
(
IHπ ⊗
(
τ˜ (μ)τ˜ (μi)τ˜ (ν)
))
Eπ
= lim
i∈I
(
IHπ ⊗ τ˜ (μ  μi  ν)
)
Eπ
= lim
i∈I
(
π˜ (ν∗  μi∗  μ∗) ⊗ IX
)
Eπ
= lim
i∈I
(
π˜ (ν∗)π˜(μi∗)π˜(μ∗) ⊗ IX
)
Eπ.
Let (ej )nj=1 be an orthonormal basis of Hπ . For j, k ∈ {1, . . . , n} we define Bjk ∈ L(Hπ) by
Bjku = 〈u, ej 〉ek for each u ∈ Hπ and we choose μjk ∈ M(G) such that π˜(μjk∗) = Bjk .
Let ζ ∈ Hπ ⊗ˆ X with Eπζ = 0. Write Eπζ = ∑nk=1 ek ⊗ xk with x1, . . . , xn ∈ X and pick
l ∈ {1, . . . , n} such that xl = 0. Set ξ ∈ X∗ such that ξ(xl) = 0 and j, k ∈ {1, . . . , n}. We define
φj ∈ (Hπ ⊗ˆ X)∗ through φj (u ⊗ x) = 〈u, ej 〉ξ(x) for all u ∈ Hπ and x ∈ X. By (2), we have
φj
((
IHπ ⊗ (τ˜ (μlk)T
)
Eπζ
)= lim
i∈I φj
((
π˜ (μi
∗)Blk ⊗ IX
)
Eπζ
)
= lim
i∈I
n∑
m=1
〈
π˜(μi
∗)Blkem, ej
〉
ξ(xm)
= lim
i∈I
〈
π˜ (μi
∗)ek, ej
〉
ξ(xl).
Since ξ(xl) = 0, it can be concluded that the net (〈π˜ (μi∗)ek, ej 〉)i∈I converges. We define A ∈
L(Hπ) through 〈Aek, ej 〉 = limi∈I 〈π˜(μi∗)ek, ej 〉 for all j, k ∈ {1, . . . , n}. The result now follows
immediately from (2). 
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Lemma 4. If T is in the radical of A(τ ) and π is an irreducible unitary representation of G,
then (IHπ ⊗ T )Eπ = 0.
Proof. We need only to consider the case Eπ = 0. Throughout this proof we follow the notation
of the proof of Lemma 3.
Write aij = 〈Aej , ei〉 for i, j ∈ {1, . . . , n}. Pick i, j ∈ {1, . . . , n} and note that BilABlju =
aij 〈u, el〉el for each u ∈ Hπ . On account of Lemma 3, we have(
IHπ ⊗ τ˜ (μlj )T τ˜ (μil)
)n
Eπ =
(
π˜(μil
∗)Aπ˜(μlj ∗) ⊗ IX
)n
Eπ =
(
BilABlj ⊗ IX
)n
Eπ .
Consequently,∥∥[(BilABlj )n ⊗ IX]Eπ∥∥1/n
= ∥∥(BilABlj ⊗ IX)nEπ∥∥1/n  ∥∥(IHπ ⊗ τ˜ (μlj )T τ˜ (μil))n∥∥1/n‖Eπ‖1/n
= ∥∥IHπ ⊗ (τ˜ (μlj )T τ˜ (μil))n∥∥1/n‖Eπ‖1/n  ∥∥(τ˜ (μlj )T τ˜ (μil))n∥∥1/n‖Eπ‖1/n → 0,
because τ˜ (μjl)T τ˜ (μli) ∈ Rad(A(τ )) and thus limn→∞ ‖(τ˜ (μjl)T τ˜ (μli))n‖1/n = 0.
On the other hand, since
[(
BilABlj
)n ⊗ IX](Eπζ ) =
n∑
k=1
[(
BilABlj
)n ⊗ IX](ek ⊗ xk) =
n∑
k=1
(
BilABlj
)n
ek ⊗ xk
= anij el ⊗ xl,
it follows that
|aij |‖el ⊗ xl‖1/n =
∥∥[(BilABlj )n ⊗ IX](Eπζ )∥∥1/n

∥∥[(BilABlj )n ⊗ IX]Eπ∥∥1/n‖ζ‖1/n → 0.
This clearly forces that aij = 0, since xl = 0. We thus get A = 0, which clearly completes the
proof. 
Theorem 5. Let G be a compact group and let τ be a strongly continuous representation of G on
a Banach space X. Then the weakly closed subalgebra A(τ ) of L(X) generated by all operators
τ˜ (μ) with μ ∈ M(G) is semisimple.
Proof. Let T be in the radical of A(τ ) and let π be an irreducible unitary representation of G.
According to Lemma 4, we have (IHπ ⊗ T )Eπ = 0 and so
0 = (v ⊗ ξ)((IHπ ⊗ T )(Eπ(u ⊗ x)))=
∫
G
〈
π(t)u, v
〉
ξ
(
T τ(t)x
)
dt
for all u,v ∈ Hπ , x ∈ X, ξ ∈ X∗ (where v⊗ξ denotes the continuous linear functional on Hπ ⊗ˆX
defined through (v ⊗ ξ)(w ⊗ y) = 〈w,v〉ξ(y) for all w ∈ Hπ and y ∈ X).
We thus arrive at
∫
G
p(t)ξ(T τ(t)x) dt = 0 for x ∈ X, ξ ∈ X∗, and for each trigonometric
polynomial p. Since trigonometric polynomials are dense in C(G) with the uniform norm [3,
Theorem 27.39], we obtain that ξ(T τ(t)x) = 0 for all x ∈ X, ξ ∈ X∗, and t ∈ G. By taking t to
be the identity of G we arrive at ξ(T x) = 0 for all x ∈ X and ξ ∈ X∗, which gives T = 0. 
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ent representation of a strongly continuous representation τ∗ of G on X∗ (i.e., τ(t)x = x ◦τ∗(t−1)
for each t ∈ G). Let us now consider the coarsest topology in L(X) for which each of the func-
tionals T → (T x)(ξ) is continuous with x ∈ X and ξ ∈ X∗. LetB(τ ) be the closure, with respect
to the above topology on L(X), of the subalgebra generated by all Fourier transforms τ˜ (μ) with
μ ∈ M(G). The method of the proof of Theorem 5 carries over to this situation in order to prove
thatB(τ ) is semisimple.
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